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Introduction
A warranty servicing strategy has significant impact on manufacturer's warranty cost and the product availability. As requirement of consumers for the quality of products is increasing, product availability will obviously affect consumer satisfaction and the reputation of manufacturer and then the product sales, so reasonable warranty strategy should be made considering both warranty cost and product availability to meet the interests of both sides.
Preventive maintenance could reduce the product failure rate so that reduce the warranty cost and improve availability effectively. With the updating of warranty policy, warranty cost model under the preventive maintenance is developed in many studies. Chun [2] introduced the periodic preventive maintenance in prior time when he studied product warranty. This model is generalized by Jack and Dagpunar [7] , where the product can be repaired "as good as new" after preventive maintenance, and preventive maintenance period is variable. Yeh and Lo [12] extends the model with making the preventive maintenance degree reach some specific level to minimize the warranty cost. The study [4] derives an optimal preventive warranty strategy to minimize the product's long term expected cost by balancing the saving and added cost by preventive maintenance during warranty period, and obtains the optimal preventive maintenance period and puts forward effective algorithm. The above studies introduce preventive maintenance into the one-dimensional warranty policy and are aimed at getting the lowest warranty cost without considering the product availability. In addition, preventive maintenance is not always effectively, as the new product just begins to operate, unreasonable preventive maintenance often leads to a high warranty cost and low availability since the failure rate is relatively low at the beginning of exploitation.
A summary of the different warranty policies is given in [1] . They can be divided into one-dimensional and two-dimensional policies broadly. For the study of optimizing models under two-dimensional warranty, Iskandar and Murthy [6] proposed a repair-replacement strategy with two subregions to optimize the warranty cost, where minimal repair and replacement strategy is adopted in different subregions. In [5] , the strategy in [6] is improved to a new repair-replacement strategy with three subregions, where the first failure in the middle subregion Ω 2 will be handled by replacement, and the remaining failures are all repaired minimally. The strategy in [5] is improved to an imperfect repair strategy by Yun and Kang [13] , where the first repair in the middle subregion is imperfect, and all remaining repairs are minimal, and then, this strategy is generalized to an n-subregion strategy by Varnosafaderani and Chukova [10, 11] , where the first repair in each intermediate subregions (Ω 2 -Ω n-1 ) are imperfect, and other failures are repaired minimally. The above studies mentioned are aimed at optimizing the warranty cost without considering the preventive maintenance and product availability, but the availability, like warranty cost, is also an important factor to influence the warranty strategy because it is related to consumer satisfaction, especially for some specific customer as army.
sciENcE aNd tEchNology
In view of the above analysis, this paper introduces the minimalimperfect preventive maintenance combination strategy considering a product with a two-dimensional free repair warranty and presents a mathematical optimization model to derive the optimal preventive maintenance strategy in the warranty period with respect to the warranty cost and product availability.
Warranty servicing strategy
The product is sold with a two-dimensional free repair warranty. As mentioned in earlier research, the two-dimensional warranty is characterized by a region Ω in a two-dimensional plane and the repair is free to consumer in this region [6] .
In this paper, the case where warranty region Ω is a rectangle with the age limit K and usage limit L is studied, and the warranty expires when either limit is exceeded. The minimal -imperfect preventive maintenance combination strategy is introduced to deal with the failure in warranty region. The warranty servicing strategy is implemented as follows.
Firstly, as in [6] , the warranty region Ω [(0, K)×(0, L)] is divided into two disjoint subregions Ω 1 and Ω 2 , as shown in Fig. 1 . The shapes of the subregions are governed by a rate parameter r (r≥0), such that
Then, given the subregions Ω 1 and Ω 2 , the minimal -imperfect preventive maintenance combination strategy is as follows:
all repairs in Ω1 are minimal with cost Cf and duration (a) T f . The first imperfect preventive maintenance is taken at the time (b) point the warranty over the subregion Ω 1 expires, and periodic preventive maintenance (PM) is implemented in Ω 2 with cost C p , duration T p and period T, and the remaining failures are rectified by minimal maintenance. The warranty policy introduced above is of certain practical significance. In the subregion Ω 1 , the failure rate is relatively low since the product just begins to operate, so minimal repair is effective. PM strategy is adopted in Ω 2 since the failure rate rises with the increase of the product's age/usage, and the proper PM action can reduce the shutdown loss and maintenance cost caused by failure. In practice, having a combination of the minimal repair and PM often leads to lower warranty servicing cost and higher product availability.
Modeling product failure and imperfect maintenance
Two different approaches have been used to model the product failure process for the analysis of two-dimensional warranty policies. They are one-dimensional and two-dimensional approaches, and the detailed description has been introduced in related literature [8] . In this study, the failure process under two dimensions is modeled using the one-dimensional approach.
In the one-dimensional approach, product usage is considered as a function of the age of the product. Assuming that the relationship is linear with a nonnegative coefficient R, such that
where U(t) and T(t) are the usage and age of the product at time t, and the usage rate R is a nonnegative random variable with a known distribution function G(r). When no product failure occurs before t or all the failures are repaired, then T(t) = t. However, if the product is not repairable and the failure product must be replaced by a new one, then T(t) < t. For details, see [6] . Product failures are modeled by a stochastic process with an intensity function dependent on age and usage of the product. Given a usage rate r, the intensity function will have a single variable t since the usage can be conveyed by age, such that
With the simplest being a polynomial of order one [6] , the following conditional intensity function form is given by:
and a polynomial of order two is given in [5] , as follows:
with the parameters θ i >0.
To model the imperfect preventive maintenance effect on the failure rate of the product, a modification of the "virtual age" model proposed in [3] is introduced, where the effect of an imperfect maintenance is expressed by a reduction of the system virtual age, that is, after preventive maintenance, the failure rate decreases to a former level as the age of the product reduces, and the corresponding former age is the "virtual age" (or effective age).
Given the minimal -imperfect preventive maintenance combination strategy, we introduce the improvement factor α, and the virtual age reduction depends on α. Based on the model in [3] , the failure rate of the product is defined by its virtual age (or effective age), and when an imperfect maintenance is performed on the product, its virtual age will be reduced. Assume that the j-th preventive maintenance interval is j ∆ , and after the j-th imperfect preventive maintenance with improvement factor α j , the virtual age reduces by
So the virtual age after the j-th preventive maintenance can be given by:
Since the product in this study is repairable and all failures are repaired minimally, then T(t) = t, and the eq.(3) can be transformed to:
Fig. 1. Subregions of the warranty region
sciENcE aNd tEchNology so the conditional intensity function after the j-th preventive maintenance becomes:
where λ( ) • r is the initial intensity function of the process and X is the time point that the warranty over the subregion Ω 1 will expire (see Fig.1 ). αi ∈ [ , ] 0 1 represents the degree of a repair (improvement factors), which is the level of the applied effort to improve the state of product. Based on the model, α = 0 means that the preventive maintenance is minimal and PM action has no significant effect on the state of the product. Besides, α = 1 means that the repair is perfect and the state of product is restored to ''as good as new'' state. The conditional intensity function of the process after an imperfect maintenance is between the conditional intensities after a minimal repair and a perfect repair.
Two-dimensional warranty cost and availability models
Let EC Ω ϖ ( ) and EA Ω ϖ ( ) denote the expected warranty cost and availability over the warranty region Ω respectively, where ϖ represents the parameters of the minimal -imperfect preventive maintenance combination strategy and is given by ϖ = ( )
, , .
We assume that 1 2 r r ≤ For this case, the warranty region is divided according 1 r and 2 r , and considering the value of usage rate R r = , the following three subcases are discussed:
Case (a):
We denote the expected warranty costs and availability, con- 
Cost model: In this case, the warranty over the subregions Ω 1 and Ω 2 will expire at time points K 1 and K, respectively (see Fig.2 ). Then the expected warranty cost can be given as follows:
where EN K r 1 ( ) represents failure quantities in the subregion Ω 1 . n is the number of imperfect preventive maintenance in the subregion
( ) fi EC T is the expected cost of minimal repairs in the i-th peri-
Since failures over [0, K 1 ] are repaired minimally and no preventive maintenance is implemented, the expected number of minimal repairs in the subregion Ω 1 is equal to:
In general, the duration of a repair is minute relative to preventive maintenance period, so we can neglect the influence and use the eq. (7) to derive approximately expected the number of failure [9] .
Periodic imperfect preventive maintenance will be implemented in the subregion Ω 2 . Given the period of preventive maintenance T and maintenance duration T p , n is expressed by:
The warranty over the subregion Ω 1 will expire at time K 1 , so the the conditional intensity function after the j-th imperfect maintenance (the j-th preventive maintenance interval) becomes:
Then, in the i-th periodic preventive maintenance interval, failures are rectified by minimal repairs. Then, the numbers of minimal repairs is given by:
So the total expected cost of the minimal repairs in the n preventive maintenance intervals can be given as follows: 
In the same way, the failure number of the product between
) and K is expressed as:
So the expected warranty cost of the product of the time between
Then, the expected warranty cost can be obtained by inserting eq. (7)- (13) into (6): Availability model: In this case, since the warranty will cease at time K, expected availability in the warranty region can be expressed as follows: 
The remaining parameters are the same as in eq. (6) . Then, the function of expected availability can be given as follows: 
To facilitate subsequent calculation, the expected cost in the warranty region can be viewed as a function of the decision variables (K1, T) and the warranty time limit K, denote:
Similarly, the expected availability in warranty region is denoted by: In this case, due to exceeding the usage limit L1, the warranty over the subregions Ω 1 and Ω 2 will expire at time points τ1 and K respectively (see Fig.2 ). With τ1 1 = L r . Then the expected warranty cost for this case becomes:
where the time limit K 1 in eq.(6) is replaced by τ1 . Similarly, the expected availability in the warranty region becomes: 
Case (a.3): 2 r r <
In this case, due to exceeding the usage limit L 1 and L, the warranty over the subregions Ω 1 and Ω 2 will expire at time points τ1 and τ , respectively (see Fig.2 ). With:
then the expected warranty cost for this case becomes: 
EC T C EN r nC EC T EC
where the time limit K 1 and K in eq. (6) is replaced by τ1 and τ , respectively.
Similarly, the expected availability in the warranty region becomes:
sciENcE aNd tEchNology In the end, we remove the conditioning on R r = , where R has distribution function G(r), to get the expected warranty cost for case (a), given by: 
EA T T EN r nT ET T ET
Similarly, the expected availability in the warranty region is given by: We use the same denotation setting with case (a) to model the expected warranty cost and availability under case (b).
Using eq.(17), the expected warranty cost under the three subcases are given by:
The expected availability under the three subcases are given by:
Note that subcases (1) and (3) for case (b) are the same as that for case (a), and the only difference is for subcase (2) since the warranty ceases at distinct time. See Fig. (2) .
On removing the conditioning, we have the expected warranty cost given by: 
accordingly, the expected availability is given by: 
Deriving optimum warranty servicing strategy
Scientific warranty servicing strategy demands to control warranty cost and guarantee availability simultaneously. To derive the optimum warranty servicing strategy, the optimizing model is given as follows: A , which can derive optimum warranty servicing strategy for both manufacturer and consumer. As the model is difficult to calculate, a grid search in specific regions is performed to obtain the optimum results.
In general, when the 1 1
( , )
K r is fixed, the expected warranty cost EC Ω ( ) ϖ will increase first and then decrease with the growth of the preventive maintenance interval T, and the expected availability
has the opposite trend. Based on the optimizing model proposed above, the following three cases are considered (see Fig.3 To obtain more integrated information about the optimum warranty servicing strategy, unit cost-effective of the product is introduced as follows:
where Eτ is the expected warranty period, and it is given by:
.
The unit cost-effective of the product with optimum warranty servicing strategy can be derived using eq.(31), combining with the optimizing solutions, which can provide scientific information for both manufacturer and consumer. sciENcE aNd tEchNology
An example
Considering an automobile component sold with a free-repair warranty policy, we will pay attention to the warranty cost from the manufacturer perspective and the availability from the consumer perspective. Assume K=3 (3 years) and L=3 (30000 km), so r 2 =L/K=1.
And the acceptable lower limit of availability is 0 0.92
For the convenience of calculation, let improvement factors α α i = , that is each PM actions corresponding the same improvement factor. Commonly, the PMs duration T p is less than the minimal repair duration T f , and C p ≤C f . The C f and T f are assumed to be constant with the value 1 and 0.02 respectively; then, C p and T p are assumed to be the function of improvement factor α , as follows: In this example, as in [5] , we consider the form for the initial conditional failure intensity given by eq.(2), as follows: Similarly, we can derive the corresponding optimal results with different r 1 and α under different usage categories, and the summary of these results is shown in Table 1 -Table 4 .
Firstly, the two usage categories under normal distribution are considered and the results are presented in Table 1-Table 3 . Table 2 are the same as in Table 1 . Optimal warranty servicing strategy and corresponding cost and availability in each row are printed in boldface in Table 1-Table 3 . , the warranty cost under the combination strategy can be reduced by 55.1% and 7.4% compared adopting the minimal repair or periodic preventive maintenance alone, respectively, and the corresponding availability has an increase of 3.4% and 0.2%.
The values of unit efficient cost are decreasing firstly and then increasing with the rise of improvement factor. The optimal value is obtained when α = 0 5
. for normal usage and α = 0 7 . for excessive usage, which indicates that it is worthy to perform a better degree of imperfect preventive maintenance with high usage rates. The optimal parameters related to warranty servicing strategy are given in Table 3 , which include the usage limit and age limit of Ω 1 and preventive maintenance period T. It can be seen from the table that:
In most cases, the r 1 * under normal usage is greater than under excessive usage, that is to say, the shape of the minimal repair region Ω 1 is relatively flat and with a lower usage limit under excessive usage for a fixed α . It can be also noticed that the usage limit of region Ω 1 has a growth trend when the improvement factors increase. The optimal warranty servicing strategies are printed in boldface. Table 4 shows the optimal warranty servicing strategy and the value of unit efficient cost under normal distribution (R ~ N [1, 0.46]) and uniform distribution (R ~ uniform [0.2, 1.8]). As presented in this table, although the expectation and variation of the two distributions are identical, there are obvious differences in the optimal results, so it is important to confirm reasonable distribution according to reality before making warranty servicing strategy. Table 4 include the balance of the needs and interests between the manufacture and the consumer under different imperfect PM improvement factor, the corresponding calculation results as warranty cost, the availability and unit efficient cost, which can provide scientific reference for selecting the reasonable warranty servicing strategy to balance the benefit of manufacturer and consumer.
In addition, for the convenience of implement or maintenance capacity constraints reasons, the PM's period T or improvement factor α may be a limited value in reality, then we can also derive the optimum warranty servicing strategy using the mathematical model proposed in this paper (as shown in Fig. 4 ).
conclusions
In this paper, a strategy combining the imperfect preventive maintenance and minimal repair is proposed under the free repair warranty policy, then warranty cost and availability models are built, and optimum warranty servicing strategies are identified with respect to both warranty cost and product availability. We provide a numerical illustration to show the optimization method and accurate calculation results under different strategies and make a comparison, which can offer a reference to select the optimum warranty servicing strategy benefiting both manufacturer and consumer.
The result of this paper can be extended in several ways. One possible extension is to consider the preventive maintenance under pro-rata warranty policy since the PMs can improve the product availability and benefit to consumer. Another option for generalization is to develop the functional relationship between the product availability and sales, and then, make the optimum warranty servicing strategy.
